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Pr❡❞❣♦✈♦r

❖✈❛ ❦♥❥✐❣❛ ❥❡ ✉❞➸❜❡♥✐❦ ③❛ ❦✉rs ●❡♦♠❡tr✐❥❛✱ ♥❛ ❞r✉❣♦❥ ❣♦❞✐♥✐ s♠❡r❛ ■♥❢♦r✲
♠❛t✐❦❛✱ ▼❛t❡♠❛t✐↔❦♦❣ ❢❛❦✉❧t❡t❛✱ ❯♥✐✈❡r③✐t❡t❛ ✉ ❇❡♦❣r❛❞✉✳ ❆✉t♦r✐ s✉ ♣r❡❞❛✈❛↔✐
♥❛ t♦♠ ❦✉rs✉ ♦❞ ✷✵✵✻✳ ❣♦❞✐♥❡✳

❚♦❦♦♠ s✈✐❤ ♦✈✐❤ ❣♦❞✐♥❛ ❦✉rs s❡ ♠❡♥❥❛♦ ✐ ❡✈♦❧✉✐r❛♦✱ t❛❦♦ ❞❛ ❥❡ ♥❥❡❣♦✈ s❛❞❛➨♥❥✐
s❛❞r➸❛❥ ♣r❡❞st❛✈❧❥❡♥ s❛ ♣r✈✐❤ ♦s❛♠ ♣♦❣❧❛✈❧❥❛ ❦♥❥✐❣❡✳ ❯ ♣♦❣❧❛✈❧❥✐♠❛ ■③♦♠❡tr✐❥❡ ✐
❑r✐✈❡ ✐ ♣♦✈r➨✐ ✐♠❛ ③❛❤t❡✈♥✐❥❡❣ s❛❞r➸❛❥❛ ❦♦❥✐ ♣r❡✈❛③✐❧❛③✐ ♦❦✈✐r❡ ❦✉rs❛ ●❡♦♠❡tr✐❥❛✳

❉❡♦ ❦♥❥✐❣❡ ❦♦❥✐ s♠♦ ♥❛③✈❛❧✐ ❉♦❞❛t❛❦✱ s❛❞r➸✐ ♦❞r❡➒❡♥ ❜r♦❥ ✐③❜♦r♥✐❤ t❡♠❛✳
◆❡❦❡ ♦❞ t✐❤ t❡♠❛✱ ❛ ✐ ♠♥♦❣❡ ❞r✉❣❡✱ ❜✐❧❡ s✉ t❡♠❡ st✉❞❡♥ts❦✐❤ s❡♠✐♥❛rs❦✐❤ r❛❞♦✈❛
✐ ♣r♦❣r❛♠❡rs❦✐❤ ♣r♦❥❡❦❛t❛✳ ❚❡ ♥❛♣r❡❞♥❡ t❡♠❡ s✉ ♣♦❣♦❞♥❡ ✐ ③❛ sr❡❞♥❥❡ ♥❛♣r❡❞❛♥
❦✉rs ♣r✐♠❡♥❥❡♥❡ ❣❡♦♠❡tr✐❥❡ ♥❛ ♥✐✈♦✉ ♠❛st❡r ✐❧✐ ❞♦❦t♦rs❦✐❤ st✉❞✐❥❛✳

❑♥❥✐❣✉ ♠♦❣✉ ❦♦r✐st✐t✐ s✈✐ ♦♥✐ ❦♦❥✐♠❛ s✉ ♣♦tr❡❜♥❛ ③♥❛♥❥❛ ✐③ ♣r❛❦t✐↔♥❡ ❣❡♦♠❡✲
tr✐❥❡✱ ✉❦♦❧✐❦♦ ✐♠❛❥✉ ♥❡❦❛ ♦s♥♦✈♥❛ ♠❛t❡♠❛t✐↔❦❛ ♣r❡❞③♥❛♥❥❛ ✭♥❛ ♣r✐♠❡r ♥❛ ♥✐✈♦✉
❣✐♠♥❛③✐❥s❦❡ ♠❛t❡♠❛t✐❦❡✮✳ ❉❛❦❧❡✱ ♣r❡t♣♦st❛✈❧❥❛♠♦ ❞❛ ↔✐t❛❧❛❝ ✐♠❛ ♦s♥♦✈♥❛ ③♥❛✲
♥❥❛ ✐③ ❡❧❡♠❡♥t❛r♥❡ ❣❡♦♠❡tr✐❥❡✱ tr✐❣♦♥♦♠❡tr✐❥s❦✐❤ ❢✉♥❦❝✐❥❛✱ ❧✐♥❡❛r♥❡ ❛❧❣❡❜r❡ ✐ ❞✐✲
❢❡r❡♥❝✐❥❛❧♥♦❣ r❛↔✉♥❛✱ ❛ ❛❦♦ ✐❤ ♥❡♠❛✱ ✉♣✉➣✉❥❡♠♦ ❣❛ ♥❛ ♦❞❣♦✈❛r❛❥✉➣✉ ❧✐t❡r❛t✉r✉✳

❈✐❧❥ ♥❛♠ ❥❡ ❜✐♦ ❞❛ ❣❡♦♠❡tr✐❥✉ ♣r❡❞st❛✈✐♠♦ ♥❛ ♥❛↔✐♥ ❦♦❥✐ ❥❡ ♣♦❣♦❞❛♥ ③❛
✐♠♣❧❡♠❡♥t❛❝✐❥✉ ♥❛ r❛↔✉♥❛r✉✱ s❛ ♠❛♥❥❡ ❢♦r♠❛❧✐③♠❛✱ ❛ ✈✐➨❡ ♣r✐♠❡r❛✳ ❑❛❞ ❣♦❞ ❥❡ t♦
❜✐❧♦ ♣♦❣♦❞♥♦✱ ♣♦❦✉➨❛❧✐ s♠♦ ❞❛ ✈✐❞✐♠♦ ❣❡♦♠❡tr✐❥✉ ❦r♦③ ♣r✐♠❡r❡ ✐③ s✈❛❦♦❞♥❡✈♥♦❣
➸✐✈♦t❛✳ ◆❡❦❡ ♦❞ t❡♠❛ s✉ ✐③✈❛♥ ❣r❛♥✐❝❛ ❣❡♦♠❡tr✐❥❡ ✐ ③❛❧❛③❡ ✉ t♦♣♦❧♦❣✐❥✉✱ ❛♥❛❧✐③✉✱
♠❡❤❛♥✐❦✉ ✐❧✐ st❛t✐❦✉✳ ❍t❡❧✐ s♠♦ ❞❛ ↔✐t❛❧❛❝ r❛③✉♠❡ ❞❛ s✉ ♠❛t❡♠❛t✐↔❦❡ ❞✐s❝✐♣❧✐♥❡ ✐
♥❥✐❤♦✈❡ ♣r✐♠❡♥❡ ♠❡➒✉s♦❜♥♦ ♣♦✈❡③❛♥❡✳ ❷❡st♦ ❥❡ ③❛ ♣r❛✈❧❥❡♥❥❡ ♥❡❦❡ ♠❛t❡♠❛t✐↔❦❡
s✐♠✉❧❛❝✐❥❡ ♥❡♦♣❤♦❞♥♦ ✐ ❞♦❜r♦ ♣♦③♥❛✈❛♥❥❡ ✜③✐❦❡✳

❯ ♣r✈♦❥ ❣❧❛✈✐ ✉✈♦❞✐♠♦ ✈❡❦t♦r❡ ✉ ❡✉❦❧✐❞s❦♦❥ r❛✈♥✐ ✐ ♣r♦st♦r✉ ❣❡♦♠❡tr✐❥s❦✐ ✕
❦❛♦ ❦❧❛s❡ ❡❦✈✐✈❛❧❡♥❝✐❥❡ ✉s♠❡r❡♥✐❤ ❞✉➸✐ ❦♦❥❡ ✐♠❛❥✉ ✐st✐ ♣r❛✈❛❝✱ s♠❡r ✐ ✐♥t❡♥③✐t❡t✳
❉❡✜♥✐➨❡♠♦ ❦♦♦r❞✐♥❛t❡ t❛↔❛❦❛ ✐ ✈❡❦t♦r❛✱ ❦❛♦ ✐ tr❛♥s❢♦r♠❛❝✐❥❡ ❦♦♦r❞✐♥❛t♥✐❤ s✐✲
st❡♠❛✳ ❱❡♦♠❛ ♠♥♦❣♦ ♣❛➸♥❥❡ ❥❡ ♣♦s✈❡➣❡♥♦ s❦❛❧❛r♥♦♠✱ ✈❡❦t♦rs❦♦♠ ✐ ♠❡➨♦✈✐t♦♠
♣r♦✐③✈♦❞✉ ✐ ♥❥✐❤♦✈✐♠ ♣r✐♠❡♥❛♠❛✿ ❖❞r❡➒✐✈❛♥❥❡ ♦r✐❥❡♥t❛❝✐❥❡ ✐ ♣♦✈r➨✐♥❡ tr♦✉❣❧❛✱
❞❛ ❧✐ t❛↔❦❛ ♣r✐♣❛❞❛ tr♦✉❣❧✉✱ ③❛♣r❡♠✐♥❛♠❛ t❡❧❛✳ ✳ ✳ ❖r✐❥❡♥t❛❝✐❥❛ ✉ r❛✈♥✐ ✐ ♣r♦st♦r✉
❥❡ ✉✈❡❞❡♥❛ ✐♥t✉✐t✐✈♥♦✱ ❛❧✐ ♣❛➸❧❥✐✈♦✱ ✐ ➨t♦ ➣❡ ↔✐t❛❧❛❝ ✈❡r♦✈❛t♥♦ ③❛♣❛③✐t✐ ✕ ✈r❧♦
r❡❧❛t✐✈♥♦✳

❉r✉❣❛ ❣❧❛✈❛ ♣r❡❞st❛✈❧❥❛ ❦r❛t❛❦ ♣r❡❣❧❡❞ ❛♥❛❧✐t✐↔❦❡ ❣❡♦♠❡tr✐❥❡ r❛✈♥✐✿ Pr❛✈✐❤✱
♣♦❧✉♣r❛✈✐❤✱ ❞✉➸✐✱ ❦r✉❣♦✈❛ ✐ ❦♦♥✉s♥✐❤ ♣r❡s❡❦❛✱ t❥✳ ❦r✐✈✐❤ ❞r✉❣♦❣ r❡❞❛✳ ■st❛❦♥✉t♦
❥❡ ♣❛r❛♠❡t❛rs❦♦ ③❛❞❛✈❛♥❥❡ ♦❜❥❡❦❛t❛✱ ❥❡r ❥❡ ♦♥♦ ✉ ♣r✐♠❡♥❛♠❛ ❦♦r✐s♥✐❥❡ ♦❞ ✐♠✲
♣❧✐❝✐t♥♦❣✳ ❉❡t❛❧❥♥♦ s❡ r❛③♠❛tr❛❥✉ ♦s♦❜✐♥❡ ❦♦♥✉s♥✐❤ ♣r❡s❡❦❛✿ ❊❧✐♣s❡✱ ❤✐♣❡r❜♦❧❡
✐ ♣❛r❛❜♦❧❡✱ ❦♦❥❡ s✉ ✈❛➸♥❡ ✉ ❣❡♦♠❡tr✐❥✐ ✐ ♣r✐♠❡♥❛♠❛✳ ■♣❛❦✱ ✉ ❝✐❧❥✉ s♠❛♥❥❡♥❥❛
♦❜✐♠❛ ❦✉rs❛✱ t♦ ♣♦❣❧❛✈❧❥❡✱ ❦❛♦ ✐ ♣♦❣❧❛✈❧❥❡ ❦♦❥❡ s❡ ♦❞♥♦s✐ ♥❛ ❦r✐✈❡ ❞r✉❣♦❣ r❡❞❛✱



●❡♦♠❡tr✐❥❛ ③❛ ✐♥❢♦r♠❛t✐↔❛r❡

♠♦➸❡ ❞❛ s❡ ✐③♦st❛✈✐✳

❚r❡➣❛ ❣❧❛✈❛ s❛❞r➸✐ ♥❡❦❡ ♦s♥♦✈♥❡ ❡❧❡♠❡♥t❡ r❛↔✉♥❛rs❦❡ ❣❡♦♠❡tr✐❥❡ ✐ ❜❛✈✐ s❡ ♣r♦✲
✉↔❛✈❛♥❥❡♠ ♣♦❧✐❣♦♥❛✳ ❉❡✜♥✐➨❡♠♦ ✉♥✉tr❛➨♥❥♦st ✐ tr✐❛♥❣✉❧❛❝✐❥✉ ♣r♦st♦❣ ♣♦❧✐❣♦♥❛
✐ ❞❛❥❡♠♦ ❦♦♥❦r❡t♥❡ ♥❛↔✐♥❡ ③❛ ♥❥✐❤♦✈♦ ♦❞r❡➒✐✈❛♥❥❡✳ ❚❛❦♦➒❡✱ ✐③✈♦❞✐♠♦ ❢♦r♠✉❧✉
③❛ ♣♦✈r➨✐♥✉ ♣r♦st♦❣ ♣♦❧✐❣♦♥❛✱ ➨t♦ ❥❡ ✉ ❧✐t❡r❛t✉r✐ ✈❡♦♠❛ t❡➨❦♦ ♥❛➣✐ ✉ ❦♦r❡❦t♥♦♠
♦❜❧✐❦✉✳ ❖♣✐s✉❥❡♠♦ ✐ ❛❧❣♦r✐t♠❡ ③❛ ❦♦♥✈❡❦s♥✐ ♦♠♦t❛↔ ✐ ❉❡❧♦♥✐❥❡✈✉ tr✐❛♥❣✉❧❛❝✐❥✉
s❦✉♣❛ t❛↔❛❦❛ r❛✈♥✐✳

❷❡t✈rt❛ ❣❧❛✈❛ ❥❡ ♣♦s✈❡➣❡♥❛ ❛♥❛❧✐t✐↔❦♦♠ ③❛❞❛✈❛♥❥✉ ♣r❛✈✐❤✱ ❞✉➸✐✱ r❛✈♥✐ ✉ tr♦✲
❞✐♠❡♥③✐♦♥♦♠ ❡✉❦❧✐❞s❦♦♠ ♣r♦st♦r✉ ✐ ♥❥✐❤♦✈✐♠ ♠❡➒✉s♦❜♥✐♠ ♦❞♥♦s✐♠❛✳ ■❛❦♦ ❥❡
❣❡♦♠❡tr✐❥s❦✐ ✈❛➸♥♦✱ ♣♦❣❧❛✈❧❥❡ ♦ ♠✐♠♦✐❧❛③♥✐♠ ♣r❛✈❛♠❛ ♥✐❥❡ t♦❧✐❦♦ ③♥❛↔❛❥♥♦ ✉
r❛↔✉♥❛rst✈✉✱ ♣❛ ❣❛ ↔✐t❛❧❛❝ ♥❡ ♠♦r❛ ❞❡t❛❧❥♥♦ ♣r♦✉↔❛✈❛t✐✳

❯ ♣❡t♦❥ ❣❧❛✈✐ ❢♦r♠❛❧♥♦ ✉✈♦❞✐♠♦ ❛✜♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ ✉ ♣r♦✐③✈♦❧❥♥♦❥ ❞✐♠❡♥③✐❥✐✳
❑♦❣❛ t❛❥ ❢♦r♠❛❧✐③❛♠ ♥❡ ✐♥t❡r❡s✉❥❡✱ ♠♦➸❡ ♦❞♠❛❤ ❞❛ ♣r❡➒❡ ♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ ✉
r❛✈♥✐✳ Pr❡❞st❛✈❧❥❛♥❥❡ ❛✜♥✐❤ ♣r❡s❧✐❦❛✈❛♥❥❛ ♠❛tr✐❝❛♠❛ ❥❡ ❧❛❦♦✱ ❛❧✐ ♥✐❥❡ ♦↔✐❣❧❡❞♥♦✳
P♦➨t♦ ✐♠❛ ✈❡❧✐❦✉ ♣r✐♠❡♥✉ ✉ r❛↔✉♥❛rst✈✉✱ tr❡❜❛ ♠✉ ♣♦s✈❡t✐t✐ ♠♥♦❣♦ ♣❛➸♥❥❡✱ ❦❛♦
✐ ❦♦♥❦r❡t♥✐♠ ♣r✐♠❡r✐♠❛ ❛✜♥✐❤ ♣r❡s❧✐❦❛✈❛♥❥❛ r❛✈♥✐✳

■③♦♠❡tr✐❥❛♠❛ s♠♦ ♣♦s✈❡t✐❧✐ ➨❡st✉ ❣❧❛✈✉✳ P♦❣❧❛✈❧❥❡ ♦ ✐③♦♠❡tr✐❥❛♠❛ r❛✈♥✐ ❥❡
❥❡❞♥♦st❛✈♥♦ ✐ ♣r❡♣♦r✉↔✉❥❡♠♦ ❣❛ ③❛ ♣r✈♦ ↔✐t❛♥❥❡✳ ❖st❛t❛❦ ♦✈❡ ❣❧❛✈❡ ❥❡ ③❛ ♥❛♣r❡❞✲
♥✐❥❡ st✉❞❡♥t❡ ✐❧✐ ❦❛♦ r❡❢❡r❡♥❝❛ ♦♥✐♠❛ ❦♦❥✐ s❡ ❜❛✈❡ r❛↔✉♥❛rs❦♦♠ ❣r❛✜❦♦♠✳ ❘❛❞✐
♠❛t❡♠❛t✐↔❦❡ ♣♦t♣✉♥♦st✐✱ ❞♦❦❛③✉❥❡♠♦ ❞❛ ❥❡ s✈❛❦❛ ✐③♦♠❡tr✐❥❛ ❡✉❦❧✐❞s❦♦❣ ♣r♦st♦r❛
❛✜♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ✐ ❦❛r❛❦t❡r✐➨❡♠♦ ❛✜♥❡ ✐③♦♠❡tr✐❥❡✳ ■③♦♠❡tr✐❥❛♠❛ ♣r♦st♦r❛✱ r♦✲
t❛❝✐❥❛♠❛ ✐ ❖❥❧❡r♦✈✐♠ ✉❣❧♦✈✐♠❛ s♠♦ ♣♦s✈❡t✐❧✐ ♣♦s❡❜♥✉ ♣❛➸♥❥✉ ❥❡r ❥❡ ❦♦♠♣❧❡t♥❡
❧✐t❡r❛t✉r❡ ♥❛ ♦✈✉ t❡♠✉ ♠❛❧♦✱ ❛ ♣r✐♠❡♥❡ ✉ r♦❜♦t✐❝✐ ✐ r❛↔✉♥❛rs❦♦❥ ❣r❛✜❝✐ s✉ ❜r♦❥♥❡✳
❑❛♦ ❞♦❞❛t♥❛ t❡♠❛✱ ♠♦➸❡ s❡ ❦♦r✐st✐t✐ ♣♦❣❧❛✈❧❥❡ ❑✈❛t❡r♥✐♦♥✐ ✐ ✐③♦♠❡tr✐❥❡ ♣r♦st♦r❛
✐③ ❉♦❞❛t❦❛✳

❙❡❞♠❛ ❣❧❛✈❛ ❥❡ ♣♦s✈❡➣❡♥❛ ♣♦❧✐❡❞❛rs❦✐♠ ♣♦✈r➨✐♠❛ ❦♦❥❡ ♣r❡❞st❛✈❧❥❛❥✉ ✈❛➸❛♥
♥❛↔✐♥ ♣r❡❞st❛✈❧❥❛♥❥❛ ♣r♦st♦r♥✐❤ ♦❜❥❡❦❛t❛ ✉ r❛③♥✐♠ ♦❜❧❛st✐♠❛ ♣r✐♠❡♥❛✳ ◆❡ ✉❧❛✲
③❡➣✐ ✉ t❡❤♥✐↔❦❡ ❞❡t❛❧❥❡✱ s❦♦♥❝❡♥tr✐s❛❧✐ s♠♦ s❡ ♥❛ ♥❡❦❡ ❥❡❞♥♦st❛✈♥❡ ❣❡♦♠❡tr✐❥s❦❡
✐ t♦♣♦❧♦➨❦❡ ♣♦❥♠♦✈❡✿ P♦✈❡③❛♥♦st✱ r✉❜✱ ♦r✐❥❡♥t❛❜✐❧♥♦st✳ Pr✐ t♦♠❡✱ ♠♥♦❣❡ ↔✐♥❥❡✲
♥✐❝❡ ③❛ ❦♦❥❡ s✉ ♣♦tr❡❜♥✐ ♦❜❥❡❦t✐ ✐ ♠❡t♦❞❡ t♦♣♦❧♦❣✐❥❡ ♥✐s✉ str♦❣♦ ❞❡✜♥✐s❛♥❡✱ ♥✐t✐
❞♦❦❛③❛♥❡✳

❖s♠❛ ❣❧❛✈❛ ♦❞♥♦s✐ s❡ ♥❛ ♥❛❥♦s♥♦✈♥✐❥❡ ♣♦❥♠♦✈❡ ✉ ✈❡③✐ ♣❛r❛♠❡tr✐③♦✈❛♥✐❤ ❦r✐✲
✈✐❤ ✐ ♣♦✈r➨✐✳ ❉❡❧♦✈✐ ♦✈♦❣ ♣♦❣❧❛✈❧❥❛✱ ❦❛♦ ➨t♦ s✉ ♣r✐♠❡r✐✱ ♠♦❣✉ ❞❛ s❡ ③❛♥❡♠❛r❡
✉ ♣r✈♦♠ ↔✐t❛♥❥✉✳ ❑r✐✈✐♠❛ ❞❛❥❡♠♦ ✜③✐↔❦♦ t✉♠❛↔❡♥❥❡ ❦❛❞ ❣♦❞ ❥❡ ♠♦❣✉➣❡ ✭r❛✈✲
♥♦♠❡r♥♦ ✉❜r③❛♥♦ ✐ ❦r✉➸♥♦ ❦r❡t❛♥❥❡✱ ❧❛♥↔❛♥✐❝❛✱ ❝✐❦❧♦✐❞❛✳ ✳ ✳ ✮✳ P♦❣❧❛✈❧❥❡ ❦♦❥❡ s❡
♦❞♥♦s✐ ♥❛ ❇❡③✐❥❡r♦✈❡ ❦r✐✈❡ s❛❞r➸✐ ♥❡❦❡ ✈❛➸♥❡ ❛❧❣♦r✐t♠❡ ↔✐❥✐ s✉ ❞♦❦❛③✐ t❡❤♥✐↔❦✐✱
t❡ s❡ ♠♦❣✉ ③❛♦❜✐➣✐✳ P♦❣❧❛✈❧❥❡ ❦♦❥❡ s❡ ❜❛✈✐ ✉♦♣➨t❡♥❥✐♠❛ ❇❡③✐❥❡r♦✈✐❤ ❦r✐✈✐❤ ❥❡
♣r❡❣❧❡❞♥♦❣ ❦❛r❛❦t❡r❛✱ s❛❞r➸✐ ✐♥t❡r❡s❛♥t♥❡ ♣r✐♠❡r❡ ✐ ♥❛♠❡♥❥❡♥♦ ❥❡ ♥❛♣r❡❞♥✐❥✐♠
st✉❞❡♥t✐♠❛✳

❯ ♣♦❣❧❛✈❧❥✉ ❉♦❞❛t❛❦ ♦❜r❛➒❡♥❡ s✉ r❛③♥❡ t❡♠❡ ❦♦❥❡ s✉ ❞❡t❛❧❥♥✐❥❡ ♦❜❥❛➨♥❥❡♥❡
✉ ✉✈♦❞✉ t♦❣ ♣♦❣❧❛✈❧❥❛✳ ◆❛ ♣r✐♠❡r✱ ✉ r❛↔✉♥❛rs❦✐♠ ✐❣r✐❝❛♠❛ ✐ s✐♠✉❧❛❝✐❥❛♠❛ ♣r✐✲
r♦❞♥✐❤ ♣r♦❝❡s❛✱ ♦❜❥❡❦t✐ s❡ ❜❛❝❛❥✉✱ ♣❛❞❛❥✉✱ ♣r❡✈r➣✉✱ ❦❧✐③❡✳ ✳ ✳ ❉❛ ❜✐s♠♦ r❛③✉♠❡❧✐
❣❡♦♠❡tr✐❥✉ ♥❥✐❤♦✈♦❣ ❦r❡t❛♥❥❛✱ ❜❛✈✐❧✐ s♠♦ s❡ ❦♦s✐♠ ❤✐❝❡♠✱ t❡➸✐➨t❡♠ t❡❧❛✱ str♠♦♠
r❛✈♥✐✳ P♦❣❧❛✈❧❥❡ ♦ ❤♦♠♦❣❡♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛ ✐ ♦s♥♦✈❛♠❛ ♣r♦❥❡❦t✐✈♥❡ ❣❡♦♠❡tr✐❥❡
s♠♦ ❞♦❞❛❧✐ ❥❡r s✉ t❡ t❡♠❡ ✈❛➸♥❡ ③❛ r❛③✉♠❡✈❛♥❥❡ ♥❡❦✐❤ ❡❧❡♠❡♥❛t❛ r❛↔✉♥❛rs❦❡
❣❡♦♠❡tr✐❥❡ ✐ ♦❜r❛❞❡ s❧✐❦❛✳



❖③♥❛❦❡ ✉ t❡❦st✉ s✉ st❛♥❞❛r❞♥❡✳ ❚r✉❞✐❧✐ s♠♦ s❡ ❞❛ r❛③❧✐❦✉❥❡♠♦ t❛↔❦❡ ❡✉❦❧✐❞✲
s❦♦❣ ♣r♦st♦r❛ E

n, ✈❡❦t♦r❡ ♣r✐❞r✉➸❡♥♦❣ ✈❡❦t♦rs❦♦❣ ♣r♦st♦r❛ V
n ✐ ✈❡❦t♦r❡ ❦♦♦r✲

❞✐♥❛t❛ R
n; ♣r❡s❧✐❦❛✈❛♥❥❡ ♦❞ ♠❛tr✐❝❡ ♣r❡s❧✐❦❛✈❛♥❥❛✱ ✐t❞✳ ◆❛➸❛❧♦st✱ ❛❦♦ ➸❡❧✐♠♦ ❞❛

t❡❦st ♦st❛♥❡ ↔✐t❧❥✐✈✱ t❡➨❦♦ ❥❡ ❜✐t✐ ❞♦s❧❡❞❛♥✱ ♣❛ ❜❛r ❥❡❞❛♥ ♦❞ t❛ ❞✈❛ ❝✐❧❥❛ ✈❡r♦✈❛t♥♦
♥✐s♠♦ ♣♦st✐❣❧✐✳ ❖③♥❛❦✉ ⊓⊔ ❦♦r✐st✐♠♦ ③❛ ❦r❛❥ ❞♦❦❛③❛✱ ⋄ ③❛ ❦r❛❥ ♣r✐♠❡r❛✱ ❛ E ③❛
❥❡❞✐♥✐↔♥✉ ♠❛tr✐❝✉✳

❑♥❥✐❣❛ ❥❡ s❧♦➸❡♥❛ ✉ ▲❆❚❊❳✲✉✱ ❛ s❧✐❦❡ ❝rt❛♥❡ ✉ ❲✐♥●❈▲❈✲✉ ✐ ❏❛✈❛❱✐❡✇✲✉✳
❩❛❤✈❛❧❥✉❥❡♠♦ s❡ ❚❛➨❛♥✐ ➆✉❦✐❧♦✈✐➣ ♥❛ ♣♦♠♦➣✐ ♣r✐ ✐③r❛❞✐ ♦❞r❡➒❡♥♦❣ ❜r♦❥❛ s❧✐❦❛✱
❦❛♦ ✐ ③❛ ❞✐③❛❥♥ ❦♦r✐❝❛✳ P❛➸❧❥✐✈♦♠ ↔✐t❛♦❝✉ ➣❡♠♦ ❜✐t✐ ③❛❤✈❛❧♥✐ ♥❛ s✈❛❦♦❥ ✉♦↔❡♥♦❥
❣r❡➨❝✐ ❦♦❥✉ ➣❡♠♦ r❛❞♦ ✐s♣r❛✈✐t✐ ✉ s❧❡❞❡➣❡♠ ✐③❞❛♥❥✉✳

◆❛ ❦r❛❥✉✱ ❦♦r✐st✐♠♦ ♣r✐❧✐❦✉ ❞❛ s❡ ③❛❤✈❛❧✐♠♦ r❡❝❡♥③❡♥t✐♠❛✱ ♣r♦❢✳ ❞r Pr❡❞r❛❣✉
❏❛♥✐↔✐➣✉ ✐ ❞r ▼✐r♦s❧❛✈✐ ❆♥t✐➣✱ ❦❛♦ ✐ ❦♦❧❡❣✐ ♠r Ð✉r✐ ▼✐➨❧❥❡♥♦✈✐➣✉ ♥❛ ♣❛➸❧❥✐✈♦♠
↔✐t❛♥❥✉ r✉❦♦♣✐s❛ ✐ ❜r♦❥♥✐♠ ♣r✐♠❡❞❜❛♠❛✱ s✉❣❡st✐❥❛♠❛ ✐ ❞✐s❦✉s✐❥❛♠❛ ❦♦❥❡ s✉ ♦✈✉
❦♥❥✐❣✉ ✉↔✐♥✐❧❡ ❜♦❧❥♦♠✳

❇❡♦❣r❛❞✱ ❞❡❝❡♠❜❛r ✷✵✶✺✳ ❣♦❞✐♥❡ ❆✉t♦r✐





❙❛❞r➸❛❥ ✸

❙❛❞r➸❛❥

Pr❡❞❣♦✈♦r

✶ ❱❡❦t♦r✐ ✐ tr❛♥s❢♦r♠❛❝✐❥❡ ❦♦♦r❞✐♥❛t❛ ✼
✶✳✶ ❉❡✜♥✐❝✐❥❛ ✈❡❦t♦r❛ ✐ ♦s♥♦✈♥❡ ♦s♦❜✐♥❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽
✶✳✷ ▲✐♥❡❛r♥❡ ♦♣❡r❛❝✐❥❡ s❛ ✈❡❦t♦r✐♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾
✶✳✸ ▲✐♥❡❛r♥❛ ♥❡③❛✈✐s♥♦st ✈❡❦t♦r❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵
✶✳✹ ❑♦♦r❞✐♥❛t❡ ✈❡❦t♦r❛ ✐ t❛↔❦❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷
✶✳✺ ❈❡♥t❛r ♠❛s❡ ✐ t❡➸✐➨t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹
✶✳✻ ❙❦❛❧❛r♥✐ ♣r♦✐③✈♦❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✻✳✶ ❙❦❛❧❛r♥✐ ♣r♦✐③✈♦❞ ✉ ♦rt♦♥♦r♠✐r❛♥♦❥ ❜❛③✐ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽
✶✳✼ ❖r✐❥❡♥t❛❝✐❥❛ ✉ r❛✈♥✐ ✐ ♣r♦st♦r✉ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾
✶✳✽ ❱❡❦t♦rs❦✐ ♣r♦✐③✈♦❞ ✐ ♠❡➨♦✈✐t✐ ♣r♦✐③✈♦❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵
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❇ ❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡

❯ ♦✈♦♠ ♣♦❣❧❛✈❧❥✉ ❞❛❥❡♠♦ ✉✈♦❞ ✉ ❦r❛❧❥✐❝✉ ❣❡♦♠❡tr✐❥❛ ✕ ♣r♦❥❡❦t✐✈♥✉ ❣❡♦♠❡✲
tr✐❥✉✳ ◆❥❡♥ s♣❡❝✐❥❛❧♥✐ s❧✉↔❛❥ ❥❡ ❛✜♥❛ ❣❡♦♠❡tr✐❥❛✱ ♦ ❦♦❥♦❥ ❥❡ ❜✐❧♦ r❡↔✐ ✉ ♣r❡t❤♦❞♥✐♠
♣♦❣❧❛✈❧❥✐♠❛✳

Pr♦❥❡❦t✐✈♥✉ r❛✈❛♥ ❞♦❜✐❥❛♠♦ t❛❦♦ ➨t♦ ❛✜♥♦❥ ✭t❥✳ (x, y)✮ r❛✈♥✐ ❞♦❞❛♠♦ t③✈✳
❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦✉ ♣r❛✈✉ ♥❛ ❦♦❥♦❥ s❡ s❡❦✉ ♣❛r❛❧❡❧♥❡ ♣r❛✈❡ ❛✜♥❡ r❛✈♥✐✳ ❚❛❦♦
✉✈❡❞❡♥❛ ♣r♦❥❡❦t✐✈♥❛ r❛✈❛♥ ♣♦st❛❥❡ ♣r✐r♦❞❛♥ ❛♠❜✐❥❡♥t ③❛ ❦r✐✈❡ ❞r✉❣♦❣ r❡❞❛✱
♣❡rs♣❡❦t✐✈♥❡ ❝rt❡➸❡ ✐ ❞r✉❣❡ ♦❜❥❡❦t❡✳

❆❧❣❡❜❛rs❦✐ ③❛♣✐s ♣r♦❥❡❦t✐✈♥❡ r❛✈♥✐ ↔✐♥❡ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ ❦♦❥❡ ♠♦r❛♠♦
✉✈❡st✐ ❦❛❦♦ ❜✐s♠♦ ♠♦❣❧✐ ❞❛ r❛↔✉♥❛♠♦ s❛ t❛↔❦❛♠❛ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦❡ ♣r❛✈❡✳
❙✈❛❦♦❥ t❛↔❦✐ r❛✈♥✐ ♦❞❣♦✈❛r❛❥✉ tr✐ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡✱ ♦❞r❡➒❡♥❡ ❞♦ ♥❛ ❤♦✲
♠♦❣❡♥♦st✳ ❩❛t♦ s✉ ♣r✐r♦❞♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ ✉ ♣r♦❥❡❦t✐✈♥♦❥ r❛✈♥✐ ✐♥❞✉❦♦✈❛♥❛
❧✐♥❡❛r♥✐♠ ♣r❡s❧✐❦❛✈❛♥❥✐♠❛ t✐❤ tr✐❥✉ ❦♦♦r❞✐♥❛t❛ ✕ ③♦✈❡♠♦ ✐❤ ♣r♦❥❡❦t✐✈♥❛ ♣r❡s❧✐✲
❦❛✈❛♥❥❛✳ ❆✜♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ s✉ s♣❡❝✐❥❛❧❛♥ s❧✉↔❛❥ ♣r♦❥❡❦t✐✈♥✐❤✳ ❚❛↔♥✐❥❡✱ ❛✜♥❛
♣r❡s❧✐❦❛✈❛♥❥❛ s✉ ♦♥❛ ♣r♦❥❡❦t✐✈♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ ❦♦❥❛ ↔✉✈❛❥✉ ♣❛r❛❧❡❧♥♦st✱ t❥✳ ↔✉✲
✈❛❥✉ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦✉ ♣r❛✈✉✳ Pr❡❞st❛✈❧❥❛♥❥❡ ❛✜♥✐❤ ♣r❡s❧✐❦❛✈❛♥❥❛ r❛✈♥✐ 3 × 3
♠❛tr✐❝❛♠❛ ✭✈✐❞❡t✐ P♦❣❧❛✈❧❥❡ ✺✳✷✮ ❥❡ ✉♣r❛✈♦ ❤♦♠♦❣❡♥✐ ③❛♣✐s t✐❤ ♣r❡s❧✐❦❛✈❛♥❥❛✳

Pr♦❥❡❦t✐✈♥❛ ❣❡♦♠❡tr✐❥❛ ✐♠❛ ♠♥♦❣♦❜r♦❥♥❡ ♣r✐♠❡♥❡✳ ❇❛r✐❝❡♥tr✐↔❦❡ ❦♦♦r❞✐♥❛t❡
✭✈✐❞❡t✐ ❉♦❞❛t❛❦ ❈✮ s✉ t❛❦♦➒❡ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡✳ ❖s✐♠ t♦❣❛✱ ♣r❡❧❛s❦♦♠
♥❛ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ ♦❞ ❇❡③✐❥❡r♦✈✐❤ ❦r✐✈✐❤ ❞♦❜✐❥❛♠♦ r❛❝✐♦♥❛❧♥❡ ❇❡③✐❥❡r♦✈❡
❦r✐✈❡✳ Pr♦❥❡❦t✐✈♥✐♠ tr❛♥s❢♦r♠❛❝✐❥❛♠❛ ♠♦➸❡♠♦ ❞❛ ❡❧✐♠✐♥✐➨❡♠♦ ♣r♦❥❡❦t✐✈♥❡ ❞✐✲
st♦r③✐❥❡ ♥❛ s❧✐❦❛♠❛ ✭✈✐❞❡t✐ Pr✐♠❡r ❇✳✺✮

❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ s❡ ♠♦❣✉ ✉✈❡st✐ ✐ ✉ ♣r♦st♦r✉✱ t❛❦♦ ❞❛ s❡ t❛↔❦✐ ♣r♦st♦r❛
♣r✐❞r✉➸❡ ↔❡t✐r✐ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡✳ ❖♥❡ s✉ ♣r❛❦t✐↔♥♦ ❦♦r✐➨t❡♥❡ ✉ ❉♦❞❛t❦✉
● ❦♦❥✐ s❡ ♦❞♥♦s✐ ♥❛ ❦✈❛t❡r♥✐♦♥❡✳ ❖s✐♠ t♦❣❛✱ ✈❡♦♠❛ s✉ ❦♦r✐s♥❡ ✉ r❛↔✉♥❛rs❦♦❥
❣r❛✜❝✐✱ ❥❡r s❡ 4×4 ♠❛tr✐❝❛♠❛ ♣r❡❞st❛✈❧❥❛❥✉ ❛✜♥❡ tr❛♥s❢♦r♠❛❝✐❥❡ ✐ ♣r♦❥❡❦t♦✈❛♥❥❛
♣r♦st♦r❛ ♥❛ r❛✈❛♥✳

❇✳✶ ❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ ✉ r❛✈♥✐

❚❛↔❦✐ M ❛✜♥❡ r❛✈♥✐ s❛ ❦♦♦r❞✐♥❛t❛♠❛ (x, y) ♣r✐❞r✉➸✉❥❡♠♦ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐✲
♥❛t❡ (x1 : x2 : x3), x3 6= 0. P♦❦❛③❛➣❡♠♦ ❞❛ s❡ t❛❞❛ ♣❛r❛❧❡❧♥❡ ♣r❛✈❡ ❛✜♥❡ r❛✈♥✐
s❡❦✉ ✉ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦♦❥ t❛↔❦✐✳ ❯✈♦➒❡♥❥❡♠ ❤♦♠♦❣❡♥✐❤ ❦♦♦r❞✐♥❛t❛ ❞♦❞❛❥❡♠♦
❛✜♥♦❥ r❛✈♥✐ t③✈✳ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦✉ ♣r❛✈✉✱ ↔✐❥❛ ❥❡ ❥❡❞♥❛↔✐♥❛ x3 = 0 ✐ ❦♦❥❛ s❡
s❛st♦❥✐ ♦❞ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦✐❤ t❛↔❛❦❛✳

❙✈✐ ♦❜❥❡❦t✐ ❛✜♥❡ r❛✈♥✐ ✭t❛↔❦❡✱ ♣r❛✈❡✱ ❦r✐✈❡ ✳ ✳ ✳ ✮ ❞♦❜✐❥❛❥✉ ♦❞❣♦✈❛r❛❥✉➣❡ ❥❡❞♥❛✲
↔✐♥❡ ✉ ❤♦♠♦❣❡♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛✱ ❛ s❛♠✐♠ t✐♠ ❡✈❡♥t✉❛❧♥♦ ✐ ♣♦♥❡❦✉ ❜❡s❦♦♥❛↔♥♦
❞❛❧❡❦✉ t❛↔❦✉ ❦♦❥✉ r❛♥✐❥❡ ♥✐s✉ ✐♠❛❧✐✳

❉❡✜♥✐❝✐❥❛ ❇✳✶✳ ❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ t❛↔❦❡ M(x, y) ❛✜♥❡ r❛✈♥✐ R2 s✉ ❜✐❧♦
❦♦❥❛ ✉r❡➒❡♥❛ tr♦❥❦❛ (x1 : x2 : x3) t❛❦✈❛ ❞❛ ✈❛➸✐✿

x =
x1

x3

, y =
x2

x3

, x3 6= 0. ✭❇✳✶✮

Pr✐♠❡t✐♠♦ ❞❛ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ ♥✐s✉ ❥❡❞✐♥st✈❡♥❡✿ ❩❛ ♣r♦✐③✈♦❧❥♥♦ λ 6= 0✱
(x1 : x2 : x3) ✐ (λx1 : λx2 : λx3) ♣r❡❞st❛✈❧❥❛❥✉ ✐st✉ t❛↔❦✉✱ ♦❞♥♦s♥♦ ♦❞r❡➒❡♥❡



✶✻✹ ●❡♦♠❡tr✐❥❛ ③❛ ✐♥❢♦r♠❛t✐↔❛r❡

s✉ ❞♦ ♥❛ ❤♦♠♦❣❡♥♦st✳ ❱❡❦t♦r ❦♦♦r❞✐♥❛t❛
★✥✓

M = (x1, x2, x3) ∈ R
3 ❥❡ ✈❡❦t♦r

♣r❡❞st❛✈♥✐❦ t❛↔❦❡ M.

Pr✐♠❡r ❇✳✶✳ ❚❛↔❦❛ M ↔✐❥❡ s✉ ❛✜♥❡ ❦♦♦❞✐♥❛t❡ M(3,−4) ✐♠❛ ❤♦♠♦❣❡♥❡ ❦♦♦r✲
❞✐♥❛t❡ M(3 : −4 : 1) = M(−6 : 8 : −2) = M(30 : −40 : 10) . . . ❥❡r ❥❡

3 =
3

1
=

−6

−2
=

30

10
. . . , −4 =

−4

1
=

8

−2
=

−40

10
. . .

❙t♦❣❛✱ ✈❡❦t♦r ♣r❡❞st❛✈♥✐❦ t❡ t❛↔❦❡ ❥❡ ❜✐❧♦ ❦♦❥✐ ♦❞ ❦♦❧✐♥❡❛r♥✐❤ ✈❡❦t♦r❛ (3,−4, 1)✱
(−6, 8,−2)✱ (30,−40, 10) . . . ♣r♦st♦r❛ R

3.

❖❜r❛t♥♦✱ t❛↔❦❛ ↔✐❥❡ s✉ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ N(1 : 2 : 3) ✐♠❛ ❥❡❞✐♥st✈❡♥❡
❛✜♥❡ ❦♦♦r❞✐♥❛t❡ N( 1

3
, 2

3
)✳ ⋄

❚❛↔❦✐ P (5 : 2 : 0) ♥❡ ♠♦➸❡♠♦ ❞❛ ♦❞r❡❞✐♠♦ ❛✜♥❡ ❦♦♦r❞✐♥❛t❡✱ ❥❡r ❥♦❥ ❥❡ tr❡➣❛
❦♦♦r❞✐♥❛t❛ ❥❡❞♥❛❦❛ ♥✉❧✐✳ ❖ t❛❦✈✐♠ t❛↔❦❛♠❛ ❣♦✈♦r✐♠♦ ♦ ♥❛st❛✈❦✉✳

❉❡✜♥✐❝✐❥❛ ❇✳✷✳ ❚❛↔❦❛ ♦❜❧✐❦❛ (x1 : x2 : 0), x2

1
+ x2

2
6= 0, t❥✳ t❛↔❦❛ ③❛ ❦♦❥✉ ✈❛➸✐

x3 = 0, ♥❛③✐✈❛ s❡ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦❛ t❛↔❦❛✳ ❙✈❡ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦❡ t❛↔❦❡ ↔✐♥❡
❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦✉ ♣r❛✈✉ u∞ ↔✐❥❛ ❥❡ ❥❡❞♥❛↔✐♥❛ x3 = 0. ❆✜♥✉ r❛✈❛♥ R

2 ❦♦❥♦❥ s♠♦
❞♦❞❛❧✐ t❛↔❦❡ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦❡ ♣r❛✈❡ u∞ ♥❛③✐✈❛♠♦ ❞♦♣✉♥❥❡♥❛ ❛✜♥❛ r❛✈❛♥ ✐
♦③♥❛↔❛✈❛♠♦ s❛ R̄

2.

❆✜♥❛ ♣r❛✈❛✿

q : ax+ by + c = 0 ✭❇✳✷✮

✉ ❤♦♠♦❣❡♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛ ♣♦st❛❥❡ q : ax1

x3

+ bx2

x3

+ c = 0, ♦❞❛❦❧❡ ❞♦❜✐❥❛♠♦
♥❥❡♥✉ ❥❡❞♥❛↔✐♥✉ ✉ ❤♦♠♦❣❡♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛✿

q̄ : ax1 + bx2 + cx3 = 0. ✭❇✳✸✮

Pr✐♠❡t✐♠♦ ❞❛ ♣r❛✈❛ q̄ ✐♠❛ ❥❡❞♥✉ t❛↔❦✉ ✈✐➨❡ ♦❞ ♣r❛✈❡ q✿ ❚♦ ❥❡ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦❛
t❛↔❦❛ Q∞(−b : a : 0) ❦♦❥❛ ③❛❞♦✈♦❧❥❛✈❛ ❥❡❞♥❛↔✐♥✉ ✭❇✳✸✮✱ ❛ ♥❡♠❛ (x, y) ❦♦♦r❞✐♥❛t❡✳

Pr✐♠❡t✐♠♦ ❞❛ ❥❡❞♥❛↔✐♥❛ λax1+λbx2+λcx3 = 0 ♣r❡❞st❛✈❧❥❛ ✐st✉ ♣r❛✈✉✳ ❩❛t♦
♣✐➨❡♠♦ q[a : b : c]✱ ❛ ❜r♦❥❡✈❡ [a : b : c] ③♦✈❡♠♦ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ ♣r❛✈❡ q✳
❱❡❦t♦r ★✓q = (a, b, c) ❥❡ ♥❥❡♥ ✈❡❦t♦r ♣r❡❞st❛✈♥✐❦✳

Pr✐♠❡r ❇✳✷✳ ❖❞r❡❞✐t✐ ♣r❡s❡❦ ♣r❛✈✐❤ q : 2x− 5y+6 = 0, r : 2x− 5y+7 = 0 ✉✿

✭❛✮ ❛✜♥♦❥ r❛✈♥✐❀ ✭❜✮ ❞♦♣✉♥❥❡♥♦❥ ❛✜♥♦❥ r❛✈♥✐✳

❘❡➨❡♥❥❡✿ ✭❛✮ ❯ ❛✜♥♦❥ r❛✈♥✐ ♣r❛✈❡ q ✐ r s❡ ♥❡ s❡❦✉✱ t❥✳ ♣❛r❛❧❡❧♥❡ s✉✳

✭❜✮ ❏❡❞♥❛↔✐♥❛ ♣r❛✈✐❤ q ✐ r ✉ ❞♦♣✉♥❥❡♥♦❥ ❛✜♥♦❥ r❛✈♥✐ s✉✿

q̄ : 2x1 − 5x2 + 6x3 = 0, r̄ : 2x1 − 5x2 + 7x3 = 0.

❘❡➨❛✈❛♥❥❡♠ t♦❣ s✐st❡♠❛ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ x3 = 0, ❛ x1 = 5

2
x2, ♣❛ ❥❡ ♣r❡s❡❦ ♣r❛✈✐❤

q̄ ✐ r̄ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦❛ t❛↔❦❛✿

q̄ ∩ r̄ = {(
5

2
x2 : x2 : 0)} = {(5 : 2 : 0)}.

P♦s❧❡❞♥❥✉ ❥❡❞♥❛❦♦st s♠♦ ❞♦❜✐❧✐ ❞❡❧❥❡♥❥❡♠ ❤♦♠♦❣❡♥✐❤ ❦♦♦r❞✐♥❛t❛ ❜r♦❥❡♠ x2 6= 0
✐ ♠♥♦➸❡♥❥❡♠ s❛ 2. ⋄

❑❛♦ ✐ ✉ ♣r❡t❤♦❞♥♦♠ ♣r✐♠❡r✉✱ ✉♦↔❛✈❛♠♦ ❞❛ s❡ s✈❛❦❡ ❞✈❡ ♣❛r❛❧❡❧♥❡ ♣r❛✈❡
ax+ by+ c1 = 0 ✐ ax+ by+ c2 = 0 s❡❦✉ ✉ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦♦❥ t❛↔❦✐ (−b : a : 0).
❩❛t♦ ✈❛➸✐ ♥❛r❡❞♥❛ t❡♦r❡♠❛✿



❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ ✶✻✺

❚❡♦r❡♠❛ ❇✳✶✳ P❛r❛❧❡❧❡♥❡ ♣r❛✈❡ ❞♦♣✉♥❥❡♥❡ ❛✜♥❡ r❛✈♥✐ s❡ s❡❦✉ ✉ ❜❡s❦♦♥❛↔♥♦
❞❛❧❡❦♦❥ t❛↔❦✐✳ ❉❛❦❧❡✱ s✈❛❦❡ ❞✈❡ ♣r❛✈❡ ✉ ❞♦♣✉♥❥❡♥♦❥ ❛✜♥♦❥ r❛✈♥✐ s❡ s❡❦✉✳

❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ s♠♦ ♠♦❣❧✐ ❞❡✜♥✐s❛t✐ ♥❡ ❦♦r✐st❡➣✐ ♣♦❥❛♠ ❛✜♥❡ r❛✈♥✐✳

❉❡✜♥✐❝✐❥❛ ❇✳✸✳ ❘❡❛❧♥❛ ♣r♦❥❡❦t✐✈♥❛ r❛✈❛♥ ❥❡ s❦✉♣ ❤♦♠♦❣❡♥✐❤ ❦♦♦r❞✐♥❛t❛✿

RP 2 := { (x1 : x2 : x3)|x1, x2, x3 ∈ R},

♣r✐ ↔❡♠✉ ♥❡ ♠♦❣✉ s✈❡ tr✐ ❦♦♦r❞✐♥❛t❡ ✐st♦✈r❡♠❡♥♦ ❜✐t✐ ❥❡❞♥❛❦❡ ♥✉❧✐✳

◆❛ ♦s♥♦✈✉ ♣r❡t❤♦❞♥♦❣ ❥❡ ❥❛s♥♦ ❞❛ ♠♦➸❡♠♦ ✐❞❡♥t✐✜❦♦✈❛t✐ r❡❛❧♥✉ ♣r♦❥❡❦t✐✈♥✉
r❛✈❛♥ RP 2 s❛ ♣r♦➨✐r❡♥♦♠ ❛✜♥♦♠ r❛✈♥✐✿

RP 2 := {(x1 : x2 : x3)} = {(x1 : x2 : x3) |x3 6= 0} ∪ {(x1 : x2 : 0)}

= {(
x1

x3

:
x2

x3

: 1)} ∪ {(x1 : x2 : 0)} = R
2 ∪ u∞ = R̄

2.

❑❛❦♦ s✈❛❦♦❥ t❛↔❦✐ M(x1 : x2 : x3) ♦❞❣♦✈❛r❛ ↔✐t❛✈❛ ♣r❛✈❛ ✈❡❦t♦r❛ ♣r❡❞st❛✈✲
♥✐❦❛

★✥✓

M(λx1, λx2, λx3), λ ∈ R, r❡❛❧♥✉ ♣r♦❥❡❦t✐✈♥✉ r❛✈❛♥ ♠♦➸❡♠♦ ❣❡♦♠❡tr✐❥s❦✐
✈✐❞❡t✐ ❦❛♦ s❦✉♣ ♣r❛✈✐❤ ✉ R

3 ❦♦❥❡ s❛❞r➸❡ ❦♦♦r❞✐♥❛t♥✐ ♣♦↔❡t❛❦ (0, 0, 0) ✭t③✈✳ s♥♦♣
♣r❛✈✐❤✮✳

Pr✐♠❡r ❇✳✸✳ ❖❞r❡❞✐t✐ ❥❡❞♥❛↔✐♥✉ ♣r❛✈❡ q̄ ❦r♦③ t❛↔❦❡ A(1 : 2 : 3)✱ B(−2 : 1 : 0)✳

❘❡➨❡♥❥❡✿ P♦tr❛➸✐♠♦ ❥❡❞♥❛↔✐♥✉ ♣r❛✈❡ q̄ ✉ ♦❜❧✐❦✉ q̄ : ax1 + bx2 + cx3 = 0. ■③
✉s❧♦✈❛ ❞❛ t❛↔❦❡ A ✐ B ♣r✐♣❛❞❛❥✉ q̄✱ ❞♦❜✐❥❛♠♦ ❤♦♠♦❣❡♥✐ s✐st❡♠ ❥❡❞♥❛↔✐♥❛✿

1a+ 2b+ 3c = 0, −2a+ 1b+ 0c = 0.

❆❦♦ ♥❡♣♦③♥❛t✐ ✈❡❦t♦r ❦♦❥✐ ♣r❡❞st❛✈❧❥❛ ♣r❛✈✉ q̄ ♦③♥❛↔✐♠♦ s❛ ★✓q = (a, b, c)✱ t❛❞❛
❥❡ t❛❥ s✐st❡♠ ❡❦✈✐✈❛❧❡♥t❛♥ ↔✐♥❥❡♥✐❝✐ ❞❛ ❥❡ ✈❡❦t♦r ★✓q ♥♦r♠❛❧❛♥ ♥❛ ✈❡❦t♦r❡ ♣r❡❞✲
st❛✈♥✐❦❡ t❛↔❛❦❛

★✓

A ✐
★✓

B. ❙t♦❣❛ s❡ ♦♥ ♠♦➸❡ ③❛♣✐s❛t✐ ❦❛♦ ♥❥✐❤♦✈ ✈❡❦t♦rs❦✐ ♣r♦✐③✈♦❞✿
★✓q =

★✓

A ×
★✓

B = (−3,−6, 5).

❏❡❞♥❛↔✐♥❛ tr❛➸❡♥❡ ♣r❛✈❡ ❥❡✿

q̄ : −3x1 − 6x2 + 5x3 = 0. ⋄

Pr✐♠❡❞❜❛ ❇✳✶✳ ❯ ♣r❡t❤♦❞♥♦♠ ♣r✐♠❡r✉ s♠♦ ✈✐❞❡❧✐ ❞❛ s❡ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡
♣r❛✈❡ q = AB ❞♦❜✐❥❛❥✉ ✈❡❦t♦rs❦✐♠ ♣r♦✐③✈♦❞♦♠ ★✓q =

★✓

A ×
★✓

B✳

❷✐t❛♦❝✉ s❡ ♦st❛✈❧❥❛ ❞❛ ♣r♦✈❡r✐ ❞❛ s❡ t❛↔❦❛ Q ❦♦❥❛ ❥❡ ♣r❡s❡❦ ♣r❛✈✐❤ a ✐ b

❞♦❜✐❥❛ ♥❛ ♣♦t♣✉♥♦ ✐st✐ ♥❛↔✐♥✱ t❥✳ ♥❥❡♥ ✈❡❦t♦r ♣r❡❞st❛✈♥✐❦ ❥❡
★✓

Q = ★✓a ×
★✓

b ✈❡❦t♦rs❦✐
♣r♦✐③✈♦❞ ✈❡❦t♦r❛ ♣r❡❞st❛✈♥✐❦❛ ♣r❛✈✐❤✳

❇✳✷ Pr♦❥❡❦t✐✈♥❛ ✐ ❛✜♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ r❛✈♥✐

❉❡✜♥✐❝✐❥❛ ❇✳✹✳ Pr♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ♣r♦❥❡❦t✐✈♥❡ r❛✈♥✐ ❥❡ ♣r❡s❧✐❦❛✈❛♥❥❡
❦♦❥❡ t❛↔❦✉ M(x1 : x2 : x3) s❧✐❦❛ ✉ t❛↔❦✉ M ′(x′

1
: x′

2
: x′

3
)✱ ✐ ❞❛t♦ ❥❡ ❢♦r♠✉❧❛♠❛✿

λ





x′

1

x′

2

x′

3



 =





p11 p12 p13
p21 p22 p23
p31 p32 p33









x1

x2

x3



 , det(pij) 6= 0. ✭❇✳✹✮



✶✻✻ ●❡♦♠❡tr✐❥❛ ③❛ ✐♥❢♦r♠❛t✐↔❛r❡

Pr❡s❧✐❦❛✈❛♥❥❡ ✭❇✳✹✮ ❦r❛➣❡ ③❛♣✐s✉❥❡♠♦ ✉ ♦❜❧✐❦✉✿

λx′ = Px, ✭❇✳✺✮

❣❞❡ ❥❡ P = (pij) ♠❛tr✐❝❛ t♦❣ ♣r❡s❧✐❦❛✈❛♥❥❛✳

❇r♦❥ λ 6= 0 ✉ ❞❡✜♥✐❝✐❥✐ ♣r♦❥❡❦t✐✈♥♦❣ ♣r❡s❧✐❦❛✈❛♥❥❛ s✉❣❡r✐➨❡ ❞❛ s✉ ✉ ♣✐t❛♥❥✉ ❤♦✲
♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡✳ ❇❡③ ♥❥❡❣❛ ❜✐ t❡ ❢♦r♠✉❧❡ ♣r❡❞st❛✈❧❥❛❧❡ ❧✐♥❡❛r♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡
♣r♦st♦r❛ R

3.

Pr✐♠❡t✐♠♦ s❧❡❞❡➣❡✿

• ▼❛tr✐❝❡ P ✐ λP ♣r❡❞st❛✈❧❥❛❥✉ ✐st♦ ♣r❡s❧✐❦❛✈❛♥❥❡✳
• ❑♦♠♣♦③✐❝✐❥✐ ♣r❡s❧✐❦❛✈❛♥❥❛ ♦❞❣♦✈❛r❛ ♠♥♦➸❡♥❥❡ ♠❛tr✐❝❛✱ ❛ ✐♥✈❡r③♥♦♠ ♣r❡✲
s❧✐❦❛✈❛♥❥✉ ♦❞❣♦✈❛r❛ ✐♥✈❡r③♥❛ ♠❛tr✐❝❛✳

• Pr♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ s❧✐❦❛ ↔✉✈❛ ❦♦❧✐♥❡❛r♥♦st t❛↔❛❦❛✱ t❥✳ s❧✐❦❛ ♣r❛✈❡ ✉
♣r❛✈❡✳

P♦❦❛➸✐♠♦ s❛❞❛ ❞❛ s✉ ❛✜♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ ♣r♦➨✐r❡♥❡ ❛✜♥❡ r❛✈♥✐ s♣❡❝✐❥❛❧❛♥ s❧✉✲
↔❛❥ ♣r♦❥❡❦t✐✈♥✐❤ ♣r❡s❧✐❦❛✈❛♥❥❛✳ P♦s♠❛tr❛❥♠♦ ❢♦r♠✉❧❡ ✭✺✳✸✮ ❛✜♥♦❣ ♣r❡s❧✐❦❛✈❛♥❥❛
❦♦❥❡ t❛↔❦✉ M(x, y) s❧✐❦❛ ✉ t❛↔❦✉ M(x′, y′)✳

❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ t❛↔❦❡ M ❞❛t❡ s✉ r❡❧❛❝✐❥♦♠ ✭❇✳✶✮✱ ❛ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐✲
♥❛t❡ ♥❥❡♥❡ s❧✐❦❡ s❧✐↔♥♦♠ r❡❧❛❝✐❥♦♠✿

x′ =
x′

1

x′

3

, y′ =
x′

2

x′

3

, ✭❇✳✻✮

❩❛♠❡♥♦♠ ❢♦r♠✉❧❛ ✭❇✳✶✮ ✐ ✭❇✳✻✮ ✉ ✭✺✳✸✮ ❞♦❜✐❥❛♠♦✿

x′

1

x′

3

=
λx′

1

λx′

3

= a11
x1

x3

+ a12
x2

x3

+ b1,

x′

2

x′

3

=
λx′

2

λx′

3

= a21
x1

x3

+ a22
x2

x3

+ b2.

❯✈❡❞✐♠♦ r❡❧❛❝✐❥✉ λx′

3
= x3. ◆❛❦♦♥ ♠♥♦➸❡♥❥❛ ♣r❡t❤♦❞♥❡ ❞✈❡ r❡❧❛❝✐❥❡ s❛ x3 ✐

♣r❡❧❛s❦❛ ♥❛ ♠❛tr✐↔♥✐ ③❛♣✐s✱ ❞♦❜✐❥❛♠♦ ❞❛ ❥❡ ❛✜♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ✭✺✳✸✮ s♣❡❝✐❥❛❧♥✐
s❧✉↔❛❥ ♣r♦❥❡❦t✐✈♥♦❣ ♣r❡s❧✐❦❛✈❛♥❥❛✿

λ





x′

1

x′

2

x′

3



 =





a11 a12 b1
a21 a22 b2
0 0 1









x1

x2

x3



 .

Pr✐♠❡t✐♠♦ ❞❛ s❡ ♦✈✐♠ ♣r❡s❧✐❦❛✈❛♥❥❡♠ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦❛ ♣r❛✈❡ x3 = 0 s❧✐❦❛ ✉
s❡❡❜❡ s❛♠✉✳ ❖✈♦ ♦❜❥❛➨♥❥❛✈❛ ③❛➨t♦ ❥❡ ♦♣r❛✈❞❛♥♦ ❦♦r✐st✐t✐ 3× 3 ♠❛tr✐❝❡ ③❛ ③❛♣✐s
❛✜♥✐❤ ♣r❡s❧✐❦❛✈❛♥❥❛ r❛✈♥✐ ✭✈✐❞❡t✐ P♦❣❧❛✈❧❥❡ ✺✳✷✮✳

❩❛ ↔❡t✐r✐ t❛↔❦❡ ♣r♦❥❡❦t✐✈♥❡ r❛✈♥✐ ❦❛➸❡♠♦ ❞❛ s✉ ✉ ♦♣➨t❡♠ ♣♦❧♦➸❛❥✉ ❛❦♦
♥✐❦♦❥❡ tr✐ ♦❞ t✐❤ t❛↔❛❦❛ ♥✐s✉ ❦♦❧✐♥❡❛r♥❡✳

❚❡♦r❡♠❛ ❇✳✷✳ ✭❖s♥♦✈♥❛ t❡♦r❡♠❛ ♣r♦❥❡❦t✐✈♥❡ ❣❡♦♠❡tr✐❥❡✮ P♦st♦❥✐ ❥❡❞✐♥✲
st✈❡♥♦ ♣r♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ♣r♦❥❡❦t✐✈♥❡ r❛✈♥✐ RP 2 ❦♦❥❡ ↔❡t✐r✐ t❛↔❦❡ A✱B✱C✱D
✉ ♦♣➨t❡♠ ♣♦❧♦➸❛❥✉ s❧✐❦❛ r❡❞♦♠ ✉ t❛↔❦❡ A′, B′, C ′, D′, ✉ ♦♣➨t❡♠ ♣♦❧♦➸❛❥✉✳

❉♦❦❛③✿ P♦s♠❛tr❛♠♦ ❜❛③♥❡ t❛↔❦❡ A0, B0, C0, D0✱ ❣❞❡ ❥❡✿

A0(1 : 0 : 0), B0(0 : 1 : 0), C0(0 : 0 : 1), D0(1 : 1 : 1).



❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ ✶✻✼

P♦❦❛➸✐♠♦ ❞❛ ♣♦st♦❥✐ ❥❡❞✐♥st✈❡♥♦ ♣r♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡✿

f : A0, B0, C0, D0 7→ A,B,C,D.

❑❛❦♦ s✉ t❛↔❦❡ A,B,C ♥❡❦♦❧✐♥❡❛r♥❡✱ ♦❞❣♦✈❛r❛❥✉➣✐ ✈❡❦t♦r✐ ❦♦♦r❞✐♥❛t❛ s✉ ♥❡✲
③❛✈✐s♥✐✱ ♣❛ ❥❡ ✈❡❦t♦r

★✓

D ♠♦❣✉➣❡ ✐③r❛③✐t✐ ✉ ♦❜❧✐❦✉✿
★✓

D = λ1

★✓

A + λ2

★✓

B + λ3

★✓

C,

❣❞❡ ♥✐ ❥❡❞❛♥ ♦❞ ❜r♦❥❡✈❛ λ1, λ2, λ3 ♥✐❥❡ ♥✉❧❛✳ ❆❦♦ ❥❡✱ ♥❛ ♣r✐♠❡r✱ λ1 = 0✱ t❛❞❛ ❜✐
t❛↔❦❡ B,C ✐ D ❜✐❧❡ ❦♦❧✐♥❡❛r♥❡✱ ➨t♦ ❥❡ s✉♣r♦t♥♦ ♣r❡t♣♦st❛✈❝✐✳

◆❡❦❛ ❥❡ P ♠❛tr✐❝❛ ↔✐❥❡ s✉ ❦♦❧♦♥❡ r❡❞♦♠ λ1

★✓

A, λ2

★✓

B ✐ λ3

★✓

C ✳ Pr❡s❧✐❦❛✈❛♥❥❡ f

③❛❞❛t♦ s❛ λx′ = Px ❥❡ tr❛➸❡♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡✳ ❩❛➨t♦❄

▼❛tr✐❝❛ P ❥❡ ❞♦ ♥❛ ♠♥♦➸❡♥❥❡ s❦❛❧❛r♦♠ ❥❡❞✐♥st✈❡♥❛ ✭♣♦ ❞❡✜♥✐❝✐❥✐ ♠❛tr✐❝❡
❧✐♥❡❛r♥♦❣ ♣r❡s❧✐❦❛✈❛♥❥❛✮✱ ♣❛ ❥❡ f ❥❡❞✐♥st✈❡♥♦✳

◆❛ s❧✐↔❛♥ ♥❛↔✐♥ s❡ ❞♦❜✐❥❛ ♣r❡s❧✐❦❛✈❛♥❥❡ g ❦♦❥❡ s❧✐❦❛ A0✱ B0✱ C0✱ D0 ✉ A′✱
B′✱ C ′✱ D′✱ ♣❛ ❥❡ ♣r♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ g ◦ f−1 ❥❡❞✐♥st✈❡♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ✐③
t✈r➒❡♥❥❛ t❡♦r❡♠❡✳ ⊓⊔

Pr✐♠❡❞❜❛ ❇✳✷✳ Pr♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ r❛✈♥✐ s❛ ↔❡t✐r✐ ✜❦s♥❡ t❛↔❦❡ ✉ ♦♣➨t❡♠
♣♦❧♦➸❛❥✉ ❥❡ ✐❞❡♥t✐t❡t✳

Pr✐♠❡r ❇✳✹✳ ❖❞r❡❞✐t✐ ♣r♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ r❛✈♥✐ ❦♦❥❡ t❛↔❦❡ A0, B0, C0, D0

s❧✐❦❛ ✉ A(1 : 2 : 3), B(3 : 2 : 1), C(0 : 1 : 1), D(7 : 11 : 10)✳

❘❡➨❡♥❥❡✿ Pr✐♠❡t✐♠♦ ❞❛ ❥❡✿
★✓

D =
★✓

A + 2
★✓

B + 5
★✓

C,

♣❛ ❥❡✱ ✉ ♦③♥❛❦❛♠❛ ✐③ ❞♦❦❛③❛ ♣r❡t❤♦❞♥❡ t❡♦r❡♠❡✱ λ1 = 1, λ2 = 2, λ3 = 5✳
▼❛tr✐❝❛ tr❛➸❡♥♦❣ ♣r❡s❧✐❦❛✈❛♥❥❛ ❥❡✿

P =





1 6 0
2 4 5
3 2 5



 . ⋄

0 x

y

A B

CD

A′ B′

C′D′

Q y = 4

❙❧✐❦❛ ✶✶✸✿ Pr✐♠❡r ❇✳✺



✶✻✽ ●❡♦♠❡tr✐❥❛ ③❛ ✐♥❢♦r♠❛t✐↔❛r❡

Pr✐♠❡r ❇✳✺✳ ❖❞r❡❞✐t✐ ♣r♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ❦♦❥❡ tr❛♣❡③ ABCD✱ A(−2, 0)✱
B(2, 0)✱ C(1, 2)✱D(−1, 2) ♣r❡s❧✐❦❛✈❛ ✉ ♣r❛✈♦✉❣❛♦♥✐❦ A′B′C ′D′✱ A′(−1, 0)✱ B′(1, 0)✱
C ′(1, 1)✱ D′(−1, 1)✳

❘❡➨❡♥❥❡✿ Pr✈♦ ❥❡ ♥❡♦♣❤♦❞♥♦ ♦❞r❡❞✐t✐ ❤♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ s✈✐❤ t❛↔❛❦❛✳ ❑❛♦
✉ ♣r❡t❤♦❞♥♦♠ ♣r✐♠❡r✉✱ ❞♦❜✐❥❛♠♦ ❞❛ ♣r❡s❧✐❦❛✈❛♥❥❛ f ✐ g✱ ❦♦❥❡ ♣r❡s❧✐❦❛✈❛❥✉ ↔❡✲
t✈♦r♦✉❣❛♦ A0B0C0D0 ✉ ABCD ✐ A′B′C ′D′✱ r❡❞♦♠✱ ✐♠❛❥✉ ♠❛tr✐❝❡✿

f :





2 2 −2
0 0 4

−1 1 2



 , g :





1 1 −1
0 0 1

−1 1 1



 .

▼❛tr✐❝❛ P tr❛➸❡♥♦❣ ♣r❡s❧✐❦❛✈❛♥❥❛ g ◦ f−1 ❞♦❜✐❥❛ s❡ ✭❞♦ ♥❛ ♣r♦♣♦r❝✐♦♥❛❧♥♦st✮
♠♥♦➸❡♥❥❡♠ ❞r✉❣❡ ✐ ✐♥✈❡r③❛ ♣r✈❡ ♠❛tr✐❝❡

P =





2 0 0
0 1 0
0 −1 4



 = 4





1

2
0 0

0 1

4
0

0 − 1

4
1



 .

❯ ♣r✐♠❡♥❛♠❛ s❡ ③❛ r❛↔✉♥❛♥❥❡ ♣r❡s❧✐❦❛✈❛♥❥❛ ♠♦➸❡ ❦♦r✐st✐t✐ ♦✈❛ ♠❛tr✐❝❛✱ ❛❧✐
❥❡ ✐♥t❡r❡s❛♥t♥♦ ✈✐❞❡t✐ ✐ ➨t❛ s❡ ❞❡➨❛✈❛ ✉ ❛✜♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛✳ ◆❛✐♠❡✱ ❤♦♠♦❣❡♥❡
❥❡❞♥❛↔✐♥❡ t♦❣ ♣r❡s❧✐❦❛✈❛♥❥❛ s✉✿

λx′

1
= 2x1, λx′

2
= x2, λx′

3
= −x2 + 4x3, λ ∈ R.

Pr❡❧❛s❦♦♠ ♥❛ ❛✜♥❡ ❦♦♦r❞✐♥❛t❡✱ ❞♦❜✐❥❛♠♦✿

x′ =
x′

1

x′

3

=
2x1

−x1 + 4x3

=
2x1

x3

−x1

x3

+ 4
=

2x

−y + 4
.

◆❛ s❧✐↔❛♥ ♥❛↔✐♥ ❞♦❜✐❥❛♠♦ ✐ y′ ❦♦♦r❞✐♥❛t✉✱ ♣❛ ❥❡ tr❛➸❡♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ✉ ❛✜♥✐♠
❦♦♦r❞✐♥❛t❛♠❛✿

x′ =
2x

−y + 4
, y′ =

y

−y + 4
.

Pr✐♠❡t✐♠♦ ❞❛ s❡ ♣r❛✈❛ y = 4 s❧✐❦❛ ✉ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦✉ ♣r❛✈✉✳ ❚♦ s❡ s❧❛➸❡ s❛
↔✐♥❥❡♥✐❝♦♠ ❞❛ s❡ t❛↔❦❛ AD∩BC = {Q}, Q = (0, 4)✱ ❦♦❥❛ ♣r✐♣❛❞❛ ♣r❛✈♦❥ y = 4✱
s❧✐❦❛ ✉ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦✉ t❛↔❦✉ ✉ ❦♦❥♦❥ s❡ s❡❦✉ ♣❛r❛❧❡❧♥❡ ✐✈✐❝❡ ♣r❛✈♦✉❣❛♦♥✐❦❛
✭✈✐❞❡t✐ ❙❧✐❦✉ ✶✶✸✮✳

■③ ♣r❡t❤♦❞♥✐❤ ❢♦r♠✉❧❛ ✈✐❞✐♠♦ ❞❛ tr❛➸❡♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ♥✐❥❡ ❛✜♥♦✳ ❑❛❞ ❣♦❞
❥❡ t♦ s❧✉↔❛❥ ♣♦st♦❥❛➣❡ ❦♦♥❛↔♥❛ ♣r❛✈❛ ❦♦❥❛ s❡ s❧✐❦❛ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦♦✱ ❛ ♥❛ ❦♦❥♦❥
s❡ ✉ r❛↔✉♥✐♠❛ ❥❛✈❧❥❛ ❞❡❧❥❡♥❥❡ ♥✉❧♦♠✳ ⋄

❙❧✐❦❛ ✶✶✹✿ ■s♣r❛✈❧❥❛♥❥❡ ♣r♦❥❡❦t✐✈♥❡ ❞✐st♦r③✐❥❡



❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ ✶✻✾

Pr✐♠❡❞❜❛ ❇✳✸✳ ❏❛s♥♦ ❥❡ ❞❛✱ s❧✐↔♥♦ ❦❛♦ ✉ ♣r❡t❤♦❞♥♦♠ ♣r✐♠❡r✉✱ ♠♦➸❡♠♦ ♣r♦✲
❥❡❦t✐✈♥✐♠ ♣r❡s❧✐❦❛✈❛♥❥❡♠ ♣r❡s❧✐❦❛t✐ ♣r♦✐③✈♦❧❥❛♥ ↔❡t✈♦r♦✉❣❛♦ ♥❛ ♣r❛✈♦✉❣❛♦♥✐❦✱ ❛
❞❛ s❡ ♣r✐ t♦♠ ♣r❛✈❡ ♣r❡s❧✐❦❛❥✉ ✉ ♣r❛✈❡✳ ❖✈♦ s❡ ♣r✐♠❡♥❥✉❥❡ ③❛ ♦t❦❧❛♥❥❛♥❥❡ ♣r♦✲
❥❡❦t✐✈♥❡ ❞✐st♦r③✐❥❡✳ ◆❛ ♣r✐♠❡r✱ ♥❛ ♣r♦❥❡❦t♦r✐♠❛ ♣♦st♦❥✐ ✒❦❡②st♦♥❡✑ ♦♣❝✐❥❛ ❦♦❥♦♠
s❡ ♣♦st✐➸❡ ❞❛ ♣r♦❥❡❦t♦✈❛♥❛ s❧✐❦❛ ✐♠❛ ♦❜❧✐❦ ♣r❛✈♦✉❣❛♦♥✐❦❛ ✭❛ ♥❡ tr❛♣❡③❛✮✱ ❦❛❞❛
♣r♦❥❡❦t♦r ♥❡ st♦❥✐ ❤♦r✐③♦♥t❛❧♥♦✳

❙❧✐↔♥♦ s❡ ✐s♣r❛✈❧❥❛ ♣r♦❥❡❦t✐✈♥❛ ❞✐st♦r③✐❥❛ ❦♦❥❛ ❥❡ ♣♦s❧❡❞✐❝❛ ♣❡rs♣❡❦t✐✈❡ ♥❛ ❢♦✲
t♦❣r❛✜❥❛♠❛ ✭✈✐❞❡t✐ ❙❧✐❦✉ ✶✶✹✮✳

❇✳✸ ❍♦♠♦❣❡♥❡ ❦♦♦r❞✐♥❛t❡ ✐ ♣r♦❥❡❦t✐✈♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ ✉ ♣r♦st♦r✉

❆✜♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛ t❛↔❦❡ M(x, y, z) ♣r♦st♦r❛ ♣r✐❞r✉➸✉❥❡♠♦ ❤♦♠♦❣❡♥❡ ❦♦✲
♦r❞✐♥❛t❡ (x1 : x2 : x3 : x4), x4 6= 0 t❛❦♦ ❞❛ ✈❛➸✐

x =
x1

x4

, y =
x2

x4

, z =
x3

x4

.

❚❛↔❦❡ ③❛ ❦♦❥❡ ✈❛➸✐ x4 = 0 ♣r✐♣❛❞❛❥✉ t③✈✳ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦♦❥ r❛✈♥✐✳ ❆✜♥✐
♣r♦st♦r R

3 ❦♦♠❡ ❥❡ ❞♦❞❛t❛ ❜❡s❦♦♥❛↔♥♦ ❞❛❧❡❦❛ r❛✈❛♥ x4 = 0 ③♦✈❡ s❡ ❞♦♣✉♥❥❡♥✐
❛✜♥✐ ♣r♦st♦r ✐❧✐ ♣r♦❥❡❦t✐✈♥✐ ♣r♦st♦r✳

▼♦➸❡ s❡ ♣♦❦❛③❛t✐ ❞❛ s❡ ♣❛r❛❧❡❧♥❡ ♣r❛✈❡ ✐ r❛✈♥✐ s❡❦✉ ✉ t❛↔❦❛♠❛ ❜❡s❦♦♥❛↔♥♦
❞❛❧❡❦❡ r❛✈♥✐✳

Pr♦❥❡❦t✐✈♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ ♣r♦st♦r❛ ❞❡✜♥✐➨✉ s❡ ❛♥❛❧♦❣♥♦ ♦♥✐♠❛ ✉ r❛✈♥✐✱ ❛❧✐
4× 4 ♠❛tr✐❝❛♠❛✳ ❙❧✐↔♥♦ s❡ ♣♦❦❛③✉❥❡ ❞❛ s✉ ❛✜♥❛ ♣r❡s❧✐❦❛✈❛♥❥❛ s♣❡❝✐❥❛❧❛♥ s❧✉↔❛❥
♣r♦❥❡❦t✐✈♥✐❤✳ Pr♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ♣r♦st♦r❛ ❥❡ ♦❞r❡➒❡♥♦ s❧✐❦❛♠❛ 5 t❛↔❛❦❛
✉ ♦♣➨t❡♠ ♣♦❧♦➸❛❥✉ ✭t❥✳ t❛❦✈✐♠❛ ❞❛ ♥✐❦♦❥❡ ↔❡t✐r✐ ♥✐s✉ ❦♦♠♣❧❛♥❛r♥❡✮✳

Pr✐♠❡r ❇✳✻✳ ❯ ❤♦♠♦❣❡♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛ ♣r♦st♦r❛ ♦❞r❡❞✐t✐ ❥❡❞♥❛↔✐♥❡ ❝❡♥tr❛❧✲
♥♦❣ ♣r♦❥❡❦t♦✈❛♥❥❛ ♣r♦st♦r❛ ✐③ t❛↔❦❡ O(0, 0, 0) ♥❛ r❛✈❛♥ z = d.

❘❡➨❡♥❥❡✿ ❖③♥❛↔✐♠♦ s❛ M(x, y, z) ❛✜♥❡ ❦♦♦r❞✐♥❛t❡ ♦r✐❣✐♥❛❧♥❡ t❛↔❦❡✱ ❛ s❛
M(x′, y′, d) ❦♦♦r❞✐♥❛t❡ ♥❥❡♥❡ ❝❡♥tr❛❧❡ ♣r♦❥❡❦❝✐❥❡✳ P♦➨t♦ s✉ ✈❡❦t♦r✐

★✥✥✥✥✥✥✓

OM ✐
★✥✥✥✥✥✥✥✓

OM ′

❦♦❧✐♥❡❛r♥✐✱ ❞♦❜✐❥❛♠♦ ♣r♦❥❡❦❝✐❥✉ ✉ ❛✜♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛✿

x′ =
ax

z
, y′ =

ay

z
, z′ = a.

▲❛❦♦ s❡ ♣r♦✈❡r✐ ❞❛ s❡ ♣r❡t❤♦❞♥❛ r❡❧❛❝✐❥❛ ♠♦➸❡ ③❛♣✐s❛t✐ ✉ ❤♦♠♦❣❡♥✐♠ ❦♦♦r❞✐♥❛✲
t❛♠❛ s❛✿

x′

1
= ax1, x′

2
= ax2, x′

3
= ax3, x′

4
= x3.

❉r✉❣✐♠ r❡↔✐♠❛✱ tr❛➸❡♥♦ ♣r♦❥❡❦t♦✈❛♥❥❡ ✉ ❤♦♠♦❣❡♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛ ❥❡ ❞❛t♦ s❛✿

λ









x′

1

x′

2

x′

3

x′

4









=









a 0 0 0
0 a 0 0
0 0 a 0
0 0 1 0
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x2

x3

x4









.

Pr✐♠❡t✐♠♦ ❞❛ ♣r❡t❤♦❞♥❛ ❢♦r♠✉❧❛✱ str♦❣♦ ❣♦✈♦r❡➣✐✱ ♥❡ ♣r❡❞st❛✈❧❥❛ ♣r♦❥❡❦t✐✈♥♦
♣r❡s❧✐❦❛✈❛♥❥❡✱ ❥❡r ❥❡ ❞❡t❡r♠✐♥❛♥t❛ ♠❛tr✐❝❡ ♣r❡s❧✐❦❛✈❛♥❥❛ ❥❡❞♥❛❦❛ ♥✉❧✐✳ ◆❛✐♠❡✱
♣r♦❥❡❦t♦✈❛♥❥❡ ♣r❡s❧✐❦❛✈❛ ♣r♦st♦r ♥❛ r❛✈❛♥✱ ♣❛ ③❛t♦ ♥✐❥❡ ❜✐❥❡❦❝✐❥❛ ✐ ♥❡♠❛ ✐♥✈❡r③♥♦
♣r❡s❧✐❦❛✈❛♥❥❡✳ ⋄



✶✼✵ ●❡♦♠❡tr✐❥❛ ③❛ ✐♥❢♦r♠❛t✐↔❛r❡

❯ r❛↔✉♥❛rs❦♦❥ ❣r❛✜❝✐ ♣r♦st♦r✱ ♦❞♥♦s♥♦ ❞❡♦ s❝❡♥❡✱ ❦♦❥✐ ♣r♦❥❡❦t✉❥❡♠♦ ♥❛ ❡❦r❛♥
♦❣r❛♥✐↔❛✈❛♠♦ ③❛♣r❡♠✐♥♦♠ ♣♦❣❧❡❞❛✳ ❑❛♥♦♥s❦❛ ③❛♣r❡♠✐♥❛ ♣♦❣❧❡❞❛ ③❛ ♣❛r❛✲
❧❡❧♥♦ ♣r♦❥❡❦t♦✈❛♥❥❡ ❥❡ ❦✈❛❞❛r ♦❞r❡➒❡♥ r❛✈♥✐♠❛ x = −1✱ x = 1✱ y = −1✱ y = 1✱
z = −1 ✐ z = 0✱ ❞♦❦ ❥❡ ❦❛♥♦♥s❦❛ ③❛♣r❡♠✐♥❛ ♣♦❣❧❡❞❛ ③❛ ♣❡rs♣❡❦t✐✈♥♦ ♣r♦❥❡❦✲
t♦✈❛♥❥❡ ③❛r✉❜❧❥❡♥❛ ♣✐r❛♠✐❞❛ s❛❞r➸❛♥❛ ✉ t♦♠ ❦✈❛❞r✉✳ ❘❛✈❛♥ z = 0 ♥❛③✐✈❛ s❡
♣r❡❞♥❥❛ r❛✈❛♥ ♦❞s❡❝❛♥❥❛ F ✱ ❛ r❛✈❛♥ z = −1 ③❛❞♥❥❛ r❛✈❛♥ ♦❞s❡❝❛♥❥❛ B

✭✈✐❞❡t✐ ❙❧✐❦✉ ✶✶✺✮✳

−z

y

x

B F

−z

y

x

B F

❙❧✐❦❛ ✶✶✺✿ ❑❛♥♦♥s❦❛ ③❛♣r❡♠✐♥❛ ♣♦❣❧❡❞❛ ③❛ ♣❛r❛❧❡❧♥♦ ✭❧❡✈♦✮
✐ ♣❡rs♣❡❦t✐✈♥♦ ✭❞❡s♥♦✮ ♣r♦❥❡❦t♦✈❛♥❥❡

Pr✐♠❡r ❇✳✼✳ ❖❞r❡❞✐t✐ ♣r♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ ❦♦❥❡ ♣r❡s❧✐❦❛✈❛ ③❛r✉❜❧❥❡♥✉ ♣✐✲
r❛♠✐❞✉ ♥❛ ❦❛♥♦♥s❦✐ ❦✈❛❞❛r✳ Pr❡❞♥❥❛ r❛✈❛♥ ♦❞s❡❝❛♥❥❛ ③❛r✉❜❧❥❡♥❡ ♣✐r❛♠✐❞❡ ❥❡
F : z = −1✱ ❛ ③❛❞♥❥❛ r❛✈❛♥ ♦❞s❡❝❛♥❥❛ B : z = a, −1 < a < 0.

❘❡➨❡♥❥❡✿ ❙❧✐↔♥♦ Pr✐♠❡r✉ ❇✳✺ ✉ r❛✈♥✐✱ ♣r❡s❧✐❦❛✈❛♥❥❡ ✉ ❤♦♠♦❣❡♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛
❥❡ ❞❛t♦ s❛✿

λx′

1
= x1, λx′

2
= x2, λx′

3
=

1

a+ 1
x3 −

a

a+ 1
x4, λx′

4
= −x3,

③❛ λ ∈ R✱ ♦❞♥♦s♥♦ s❛✿

x′ = −
x

z
, y′ = −

y

z
, z′ =

1

1 + a

(a

z
− 1

)

,

✉ ❛✜♥✐♠ ❦♦♦r❞✐♥❛t❛♠❛✳ ❷✐t❛♦❝✉ s❡ ♦st❛✈❧❥❛ ❞❛ ♣r♦✈❡r✐ ✐❧✐ ✐③✈❡❞❡ ♦✈❡ ❢♦r♠✉❧❡✳ ⋄

❩❛❞❛t❛❦ ❇✳✶✳ ❖❞r❡❞✐t✐ ♣r❡s❡↔♥✉ t❛↔❦✉ Q ♣r❛✈✐❤ a : 3x1 + 2x2 + 4x3 = 0 ✐
b : 2x1 − x2 + x3 = 0.

❩❛❞❛t❛❦ ❇✳✷✳ ❖❞r❡❞✐t✐ ♣r♦❥❡❦t✐✈♥♦ ♣r❡s❧✐❦❛✈❛♥❥❡ r❛✈♥✐ R̄2 ❦♦❥✐♠ s❡ ❦r✉❣ x2 +
y2 = 1 ♣r❡s❧✐❦❛✈❛ ✉✿

✭❛✮ ❤✐♣❡r❜♦❧✉ x′2 − y′2 = 1❀ ✭❜✮ ♣❛r❛❜♦❧✉ y′2 = x′✳
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